We present an approach for carrying out non-adiabatic molecular dynamics simulations of systems in which non-adiabatic transitions arise from the coupling between the classical atomic motions and a quasi-continuum of electronic quantum states. Such conditions occur in many research areas, including chemistry at metal surfaces, radiation damage of materials, and warm dense matter physics. The classical atomic motions are governed by stochastic Langevin-like equations, while the quantum electron dynamics is described by a master equation for the populations of the electronic states. These working equations are obtained from a first-principle derivation. Remarkably, unlike the widely used Ehrenfest and surface-hopping methods, the approach naturally satisfies the principle of detailed balance at equilibrium and, therefore, can describe the evolution to thermal equilibrium from an arbitrary initial state. In addition, unlike other schemes, there is no need to explicitly propagate wave functions in time.
Mixed quantum-classical dynamics methods are extensively used for simulating systems in many areas of the physical and chemical sciences [1] . These methods give a classical treatment to atomic motions, while retaining a detailed quantum mechanical description of electrons. This considerably reduces the formidable computational cost entailed by a complete quantum mechanical description. The development of mixed quantum-classical dynamics methods beyond the Born-Oppenheimer approximation, by which electrons follow adiabatically the classical atomic motions, has been a topic of continuous research interest for several decades [2] . In general, atomic motions can induce transitions between electronic states, which, in turn, can alter the forces acting on the classical particles. Such non-adiabatic effects are ubiquitous and diverse [2] , and the self-consistent incorporation of feedback between the quantum and classical degrees of freedom is highly non-trivial [3] . A well-known difficulty is to ensure that the principle of detailed balance, according to which transitions between any two states take place with equal frequency in either direction at equilibrium, be satisfied [2, 4] . Failure to satisfy detailed balance introduces a bias and systematically skews the dynamics away from thermal equilibrium.
In this Letter, we present an approach for carrying out non-adiabatic quantum-classical molecular dynamics simulations of systems in which non-adiabatic transitions arise from interactions between the motion of the classical degrees of freedom and a quasi-continuum of quantum states. Unlike the popular Ehrenfest method and Tully's trajectory surface-hopping method [4, 5] , the new scheme naturally satisfies detailed balance. The atomic motions are governed by stochastic Langevin-like equations, while the electron dynamics is described by a master equation for the populations of the electronic states. The scheme can thus properly describe the irreversible evolution of an isolated system from an arbitrary initial state to a state of thermal equilibirum. At equilibrium, the transition rates between electronic states satisfy the detailed balance relations, while the non-adiabatic forces acting on the ions satisfy the fluctuation-dissipation relation.
There exists a large number of systems in which nonadiabatic effects can arise as a consequence of the coupling between the atomic motions and a quasi-continuum of electronic states [2] . The situation, which differs from the more commonly discussed case of a handful of strongly coupled energy levels, is in clear conflict with the Born-Oppenheimer criterion that the states be widely separated in energy. Here excitations of arbitrarily low energy are available to couple with the classical motions. Such couplings are known to significantly affect dynamical processes such as adsorption, dissociation, and catalytic reaction at metal surfaces [6, 7] . In solids, atomic diffusion of impurities in metals [8] and the radiation damage processes induced by energetic particles [9, 10] involve important nonadiabatic couplings with host electrons. In warm dense matter [11] , not only there is a quasi-continuous density of electronic states at the Fermi level, but the volume of available, unoccupied states can be large since electrons are partially degenerate. Nonadiabatic couplings could potentially affect dynamical ionic properties even at equilibrium; without doubt, nonadiabatic couplings must be accounted for to calculate quantities of current experimental interest, such as temperature equilibration rates [12, 13] . The list is not limited to bulk systems, as finite systems can also display a dense manifold of electronic states [14] (see [2] for an extensive list).
Our scheme results from lengthy first-principle derivation, the details of which are not essential for this paper that aims at introducing the scheme and its salient properties; the complete derivation will be presented in a later publication [15] . We simply remark that, unlike other derivations of mixed quantum-classical schemes such as Ehrenfest, ours does not treat from the outset the atomic positions as classical parameters in the equations of electrons; this is indeed known to be at the origin of the breakdown of detailed balance [16, 17] . Instead, it en-sures that the canonical commutation relations of atomic variables in these equations are satisfied.
Following standard notations, let r designate the threedimensional cartesian positions of electrons (mass m) and R the atomic positions (mass M ); more generally, the following discussion can be extended to any fast quantum coordinates r in interaction with slow classical coordinates R. Below, N denotes the number of atomic postions, R = {R 1 , . . . , R N } the set of all atomic positions, and we use the shorthand notation R = {R α } α=1,...,3N . The total Hamiltonian describing the system iŝ
whereĤ e (r, R) is the electronic Hamiltonian for fixed atomic position and ∇ R = ∂/∂R. For simplicity of exposition, we assume that there is no external timedependent potential acting on the system; we consider situations in which the system is either in thermal equilibrium, or initially excited and then let to freely evolve and relax. We assume that m ≪ M and that the atomic velocities are large enough that the atomic de Broglie wavelenghts are smaller than the characterisitic variation length scales of interactions; thus the atomic motions can be described by classical-like trajectories. We also assume that for each configuration R the electronic states form a continuum or a manifold of infinitesimally separated electronic excitations. These hypotheses suggest the existence of two distinct time scales in the problem. Firstly, a short time scale τ c that characterizes the fluctuations of the interactions between electrons and atoms. Secondly, a much longer time scale T γ ≫ τ c that characterizes the time necessary for the cumulative effect of non-adiabatic electron-ion interactions to damp the atomic velocities. Mathematical expressions for these times are given below. In our approach, the system's dynamics is progressively propagated over intervals of duration ∆τ chosen to be very short compared with T γ but long compared with τ c . Below, we describe how the system is evolved from time t n to t n+1 , where t n = n∆τ . Assume that at time t n , the system is in a state described by the density operatorρ(t n ) with corresponding classical atomic positions R(t n ) = Tr ρ(t n )R and velocities V (t n ) = Tr ρ(t n )P /M . We define the initial basis of adiabatic wave functions |i(R(t n )), which are the eigenfunctions ofĤ e (r, R(t n )) at fixed position R(t n ) [1, 18] 
From now on, we omit writing explicitly the dependence on R(t n ) of the adiabatic basis and related quantities. We define the non-adiabatic couplings d ij = i |∇ R | j and [1, 18] . In this basis, the population of state i is
In the present scheme, the time evolution of initial coherences ρ ij (t n ) = Tr [ρ(t n )|i j|] to the next time step t n + ∆τ is not treated explicitely. Coherences oscillate rapidly on a time scale much smaller that ∆τ . Because of the presence of a quasi-continuum of states, it is then legitimate to neglect their influence on the evolution of the quantum populations (a.k.a. secular approximation). Their remaining effect is on the atomic motions in the form of a rapidly fluctuating force that depends on the initial values of coherences ρ ij (t n ) only. In our approach, our lack of knowledge of these initial coherences is treated statistically: we assume that they are of the form c ij e i(φi−φj ) where the phase factor φ i is uniformly distributed in the interval [0, 2π]. If ≺ . . . ≻ denotes the average of all phases
In what follows, we first present the working equations of the scheme and then discuss their properties. For times t n ≤ t ≤ t n+1 , each R α satisfies the stochastic equation
with initial conditions R(t n ) and V (t n ). Equivalently the swarm of trajectories generated by the statistical mixture of states can be described by a probability distribution function f (R, p, t) that, over the time interval t n ≤ t ≤ t n+1 , satisfies the Fokker-Planck equation
In these equations,
is the adiabatic Born-Oppenheimer force defined with respect to the adiabatic states (2) at time t n , i.e. the average over all states i of the forces −f α ii weighted by the occupation number P i (t n ). The remaining two terms result from the non-adiabatic couplings: a sum of friction forces −M 3N α ′ =1 γ α,α ′Ṙ α ′ (t) with friction coefficients
which describes the systematic effect of non-adiabatic transitions on the atomic motions and damps the velocities over a characteristic time T γ = 1/γ; and a deltacorrelated Gaussian random force ξ α (t) satisfying [19] 
which describes the fluctuations of non-adiabatic forces around their average values, and varies over a short time scale of the order of τ c (see below). The Lorentzian
describes the energy conservation, corrected by the broadening of the transition due to the finite lifetime of the coherence between states i and j. The inverse lifetime Γ ij is found to be given by the sum Γ ij = Γ i + Γ j of the inverse lifetimes of individual states, which satistify
We thus recover that the effect of non-adiabatic couplings is analogous to that of collisions undergone by a heavy Brownian particle immersed in a fluid of light particles. In the latter, the Brownian motion appears erratic over a time scale τ c of several successive collisions, while a much longer time scale T γ = 1/γ, or equivalently a significant number of collisions, is required to move appreciably the Brownian particle from its inertial motion. In the present case, τ c and T γ can be identified as follows. For simplicity of notations, consider the case of a system at thermal equilibrium at temperature T and one atomic degree of freedom. The friction coefficients (5) are then given by the Green-Kubo formula (13) below in terms of the time correlation functions of the adiabatic forces. In the presence of a quasi continuum of state, it is easily seen that these correlations decay very rapdily with time: δF (t)δF (0) ≈ δF 2 e −t/τc where τ c is the correlation time of the nonadiabatic force; this implies
th / δF 2 τ c with the thermal velocity v th = k B T /M . The condition τ c ≪ T γ on which our treatment relies, writes
It expresses that the evolution due to non-adiabatic couplings has a very weak effect during the correlation time τ c , in analogy with the weak effect of individual collisions on a classical Brownian particle. In the past, several mathematical derivations of Eqs.(3-6) have been published at different levels of mathematical rigor [20] [21] [22] [23] . These works, however, treated the electronic subsystem as a reservoir, i.e. they assumed that the electronic subsystem is not modified by its coupling with atoms, and remains in thermal equilibrium. The present work goes beyond this limitation and, as described below, gives an explicit treatment of the modifications of the state of electrons resulting from the nonadiabatic couplings between the electronic and atomic degrees of freedom. In the equilibrium limit, the present results are in perfect agreement with previous works.
Our approach describes the electronic dynamics in terms of the evolution of populations of adiabatic states. Over the coarse-grained time ∆τ , the populations vary according to the master equation
The first sum describes both the gain of state i due to non-adiabatic transitions induced by the atomic motions from other states a, and the loss due to non-adiabatic transitions from i into other states a. The corresponding transition rates are
Here,
is the mean square deviation of the atomic velocity V (t) =Ṙ(t) and where V α = 1 ∆τ tn+1 tn V α (t)dt. Finally, the second sum arises simply from the "translation" in the space of initial adiabatic states |i(R(t n ) of the total quantum state as the atomic position moves between R(t n ) and R(t n+1 ). Indeed, under this translation, the initial density operator changes according tô
which, to second order in the small displacements
We note that, unlike other schemes, since we are propagating the populations of adiabatic states, there is no need to explicitly propagate the electronic wave functions in time; this could be a great advantage. We now discuss the key properties of the scheme. Given a temperature T , the classical and quantum Boltzmann distributions
−ǫi(R))/kB T /Z q with partition functions Z cl = dRdrf eq (R, p) and Z q = i e −ǫi(R)/kB T , constitute an equilibrium solution of the previous scheme. Indeed, Eqs. (5) and (6) with P i = P eq i give the celebrated fluctuation-dissipation relation
with
where
is the fluctuation of the electronion force. Thus, Eq.(3) becomes the traditional Langevin equation, which is known to yield the stationary distribution function f eq (R, p). This in turn implies δV 2 = kB T M , which, when used in the expression (11) for the transition rates, yields
This is nothing but the detailed balance conditions, which says that the rates of the forward and backward non-adiabatic transitions between any pair of adiabatic electronic states, weighted by the probabilities of the initial and final states, are equal to each other. With this relation, the first term on the r.h.s. of the master equations (10) vanishes. The remaining 'translation' term implies P i (t n+1 ) = P eq i (R(t n+1 )) and the quantum Boltzmann distribution is stationary. QED.
(ii) Non-equilibrium conditions. Equation (11) implies the following extension of the detailed balance relations,
Our approach also predicts the extension of the fluctuation-dissipation relation to non-equilibrium conditions given by Eqs. (5) (6) . In the absence of an external disturbance, the previous evolution equation ensure that, when initially in an excited or out-of-equilibrium state, the system irreversibly relaxes towards a thermal equilibrium described by quantum and classical Boltzmann distributions f eq and {P eq i }. (iii) Conservation properties.
The Fokker-Planck equation implies the conservation over time of the number of classical particles and of the average momentum. Similarly, the master equation implies the conservation of the normalization i P i over time. The scheme conserves the total energy E = dRdp
Relation to other schemes. The scheme reduces to the Born-Oppenheimer approximation when all terms related to non-adiabatic couplings are dropped, which amounts to setting γ, ξ and {W ia } to zero in Eq.(3) and (10) . When in our mathematical derivation the atomic degree of freedom are treated classically, as is the case, e.g., in the Ehrenfest method, the transition rates (11) become W ia = 2π |d ia | 2 δV 2 δ(ǫ i − ǫ a ) (i.e. the exponential term disappears). In this case, W ia = W ai is satisfied, which violates the expected detailed balance relations (14) .
Algorithm. The numerical implementation of the scheme is beyond the scope of the present work. We only make a few remarks about possible approaches. Assuming for a moment that γ, B, {W ia } are known, our scheme requires propagating Eqs. (3) and (10) successively over every time intervals [t n , t n+1 ]. Many algorithms exist in the literature to propagate the stochastic equation (3) . The different realizations of the Gaussian noise ξ gives rise to a swarm of trajectories that can be propagated independently between t n and t n+1 from an initial position R(t n ). At time t n+1 , the velocities of the swarm of trajectories can be used to evaluateδV 2 , and the master equation can then be propagated to update the populations at time t n+1 . Note that instead of solving (10), one should instead directly solve
for the population P * i (t n+1 ) of state |i(R(t n+1 ) of the adiabatic state i at the new position R(t n+1 ). In fact, one can show that the solution of Eqs. (3) and (15) can also be obtained with a surface hopping approach, where atoms propagating along adiabatic potential surfaces (i.e. according to f α ii in Eq.(4) stochastically hop between these surafces with rates given by Eq.(11) [24] .
The main challenge and expensive part in the implementation is the calculation non-adiabatic terms γ, B, {W ia }. They all depend on the non-adiabatic couplings d ij , for which techniques have been developed for their numerical evaluation, e.g. with the TDDFT scheme [18] . For systems characterized by a quasi-continuum of states, their calculation could be too expensive since it has to be done at each coarse-grained time step. A practical approach could rely on approximate, analytical models for these quantities that could easily be evaluated on the fly. Netherveless, we note that, because here all the nonadiabatic terms, e.g. electronic frictions and transition rates, can in principle be evaluated by ab-initio quantum calculations, our approach offers the possibility of an unbiassed assessment of the role of non-adiabatic effects in physical systems.
In summary, we have presented a practical scheme for carrying out non-equilibrium molecular dynamics simulations of systems where a quasi-continuum of electronic excitations of arbitrarily low energy is available to couple with the ionic motions. Most remarkably, the scheme, which is derived from first principles and does not rely on ad-hoc parameters, naturally satisfies the principle of detailed balance and, in turn, can properly describe nonequilibrium dynamics. The present method could greatly increase the number of processes amenable to reaslistic
